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Abstract 

We construct maximal supergravity in four dimensions with local scaling 
symmetry as deformation of the original Cremmer- Julia theory. The differ- 
ent theories which include the standard gaugings are parametrized by an 
embedding tensor carrying 56 + 912 parameters. We determine the form of 
the possible gauge groups and work out the complete set of field equations. 
As a result we obtain the most general couplings compatible with N = 8 
supersymmetry in four dimensions. A particular feature of these theories 
is the absence of an action and an additional positive contribution to the 
effective cosmological constant. Moreover, these gaugings are generically 
dyonic, i.e. involve simultaneously electric and magnetic vector fields. 
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1 Introduction 



N = 8 supergravity [T] is undoubtedly a highly distinguished field theory due to its high 
degree of symmetry and the remarkable structure of its amplitudes that has emerged 
in recent work, see e.g. [21 [3]. The continuous £7(7) symmetry underlying the classical 
field equations has important consequences for the structure of the counterterms [H El 
[6j [3 [8] . The field content of maximal supergravity is the unique N = 8 supermultiplet 



helicity 


-2 


_3 _i _I 

2 2 


+| 


+ 1 +| 


+2 


d.o.f. 


1 


8 28 56 


70 56 


28 8 


1 



(1.1) 



On the other hand, the mutual couplings of the various fields are not uniquely de- 
termined, as supersymmetry allows for the introduction of particular (non-)abelian 
charges and the realization of different (non-)abelian gauge groups. After the original 
version of the theory with abelian gauge fields [T] the first maximal gauged supergrav- 
ity was constructed in [9] with the 28 vector fields gauging a compact 5*0(8) subgroup 
of Ef(j\. Non-compact versions of this theory have been constructed and classified 
in [101 [11] and later been extended to other non-semisimple gauge groups in [121 H3] ■ A 
general formalism for describing the gauging of subgroups in terms of an 'embedding 
tensor' has been established in [HI [15]. This constant tensor describes the embed- 
ding of the gauge group into the global £7(7) symmetry of the ungauged theory, and 
parametrizes all the couplings of the gauged theory. 

The aim of this paper is the construction of all possible gaugings (and thus all 
possible couplings) of N = 8 supergravity, which in particular include a gauging of 
the global scaling symmetry of the theory. Their gauge groups are embedded in the 
product £7(7) x R of the Cremmer- Julia group £7(7) with the one-parameter scaling 
symmetry of the theory that generalizes the Weyl rescaling of general relativity and 
has been dubbed a 'trombone' symmetry of supergravity [IB]. Supergravity theories 
that include a gauging of their scaling symmetry have first been constructed in ten 
dimensions by a generalized Scherk-Schwarz reduction from eleven dimensions [T7] [T8]. 
Lower dimensional examples of such theories include [19] and [201 121] • As a generic 
feature, these theories are invariant under local rescaling of the fields (including the 
metric) with appropriate weights upon a compensating gauge transformation on the 
matter fields. They do not possess an action (since they result from the gauging of an 
on-shell symmetry) and typically support de Sitter geometries rather than Minkowski 
or AdS vacua. A systematic account to the construction of these theories has been put 
forward in [22]- Based on the algebraic structure of the duality groups of the ungauged 
theories, the representation content and the algebraic consistency constraints for the 
corresponding embedding tensor have been determined for the maximal supergravities. 
In [23], these structures have been shown to be naturally embedded in the framework 
of the very-extended infinite-dimensional Kac-Moody algebra En [2U 125] . 

The general analysis reveals that four- dimensional N = 8 supergravity admits an 
embedding tensor transforming in the representation 56 + 912 of £7(7), subject to a set 
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of bilinear algebraic consistency constraints. Gaugings defined by an embedding tensor 
in the irreducible 912 representation describe gauge groups that entirely reside within 
£7(7) and have been constructed in [T4"l [15] . Additional non- vanishing components in 
the 56 representation on the other hand define gaugings that include the trombone 
generator, i.e. theories in which local scaling invariance is part of the gauge group. 
These are the theories to be constructed in this paper. While the analysis of [22] has 
been purely algebraic and based on the structure of non-abelian deformations of the 
underlying tensor gauge algebras, it is the aim of this paper to explicitly realize these 
theories by constructing the full set of supersymmetric field equations. Thereby we 
derive the most general couplings that are compatible with N = 8 supersymmetry in 
four dimensions. In particular, we confirm that the algebraic consistency constraints 
derived in [22] for the embedding tensor are indeed sufficient to ensure supersymmetry 
of the field equations. 

This paper is organized as follows. In section 121 we analyze the general structure of 
the gauge groups induced by an embedding tensor in the 56 + 912 representation. We 
explicitly construct the gauge group generators in terms of the embedding tensor and 
discuss the system of bilinear algebraic consistency constraints that the embedding 
tensor must satisfy. In case the gauge group includes the trombone generator, this 
system of constraints drastically reduces upon decomposing the embedding tensor into 
its i?6(6) irreducible components, and we present a number of explicit solutions. We 
compute the Cartan-Killing metric of the gauge group and show that gaugings involving 
the local scaling symmetry are generically dyonic, i.e. genuinely involve electric and 
magnetic vector fields. 

In section [21 we review the structure of the scalar target space £7(7) / SU (8) and 
define the T tensor in terms of which the couplings of the gauged theory are expressed. 
Subsequently, in section HJ we determine the modified supersymmetry transformations 
by verifying the closure of their algebra on the bosonic fields of the theory. Based on 
these results, in section we obtain the modified field equations of the gauged N = 8 
supergravity by starting from an ansatz for the fermionic field equations and calculating 
their transformation under supersymmetry. This allows to uniquely determine the full 
set of field equations in lowest order of the fermions. As a particular feature of these 
theories, we find that gauging of the trombone generator leads to an additional positive 
contribution to the effective cosmological constant. In section 15.41 we determine the 
conditions for extremality, i.e. for solutions of the field equations with constant scalar 
and gauge fields and give explicit formulas for the mass matrices by linearizing the field 
equations around these solutions. Finally, in section El we present a simple example 
of a theory with local scaling symmetry that has its higher-dimensional origin as a 
generalized Scherk-Schwarz reduction from five dimensions upon twisting the field with 
a linear combination of an i?6(6) generator and the five-dimensional trombone symmetry. 
We show that this theory admits a de Sitter solution with constant scalar fields and 
determine its mass spectrum which seems to indicate that the solution is not stable. 
We conclude with an outlook on the role and the applications of these theories. 
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2 Structure of gauge groups 



Before explicitly constructing the full supersymmetric field equations, in this section we 
will present and analyze the structure of the possible gauge algebras that can be real- 
ized as local symmetry in maximally supersymmetric supergravity in four dimensions. 
Recall, that the global symmetry group of the ungauged maximally supersymmetric 
theory is given by [1] 

G = E 7{7) x R , (2.1) 

where the second factor corresponds to the scaling (or trombone) symmetry of the 
equations of motion, under which the fields transform as 

Sg^ = 2g»u, SAff = Af , Stf = , 

<% = fVv, S X = ~\X- (2-2) 

Here, the first line refers to the bosonic fields of spin 2, 1, and 0, while the second line 
gives the transformations of the spin 3/2 gravitons and the spin 1/2 matter fermions, 
respectively. The £7(7) factor in (12. ip in contrast only acts on vector and scalar fields, 
with its generators t a closing into the algebra 

[ta,t/3] = fa^t-y- (2-3) 

The 28 electric vector fields combine with their magnetic duals A^x into the funda- 
mental 56-dimensional representation A^f of £7(7) while the 70 scalar fields transform 
in a non-linear representation parametrizing the coset space £7(7) / SU (8) . General 
gaugings will also require the introduction of two- form tensor fields B^ ua transforming 
in the adjoint 133-dimensional representation of £7(7). 

2.1 Gauge group generators 

In this paper, we will construct the most general supersymmetric theories in which 
a subgroup of (12.1 j) is gauged. Extending previous work [T5], we will consider those 
theories in which the gauge groups include the scaling symmetry, i.e. the second factor 
in f l21j) . 

Let us denote by to the generator of the scaling symmetry R, and by A^ = ^mA 1 ^ 
the linear combination of vector fields that will be used to gauge this symmetry upon 
introduction of covariant derivatives. As this symmetry also acts in the gravitational 
sector by scaling the metric, its gauging necessitates a modification of the spin connec- 
tion uj^ and the Riemann tensor R VLV ah according to [22] 

T^nu ab = 2 <9[ M uj u ] ab + 2 u^ ac u u ] c b 

= R^ ah - 4 e^ a V(io) u] A b] + 4 e^ a A u] A b] - 2 e [fl a e u] b A x A x , (2.4) 



4 



which are invariant under the joint transformation 

Sg^ = 2\(x)g flu , 5A^ = d^\{x) . (2.5) 
Besides, they satisfy the generalized Bianchi identities 

Tt\nvp] a = F\iiv e p\ • (2-6) 

The most general gauging combines this symmetry with some subgroup of the £7(7) 
factor of (12 .ip . As shown in [HJ [15] and [22] for the cases without and with the trom- 
bone factor, respectively, the parametrization of the general gauge group generators 
Xm allows for 56 + 912 parameters spanning the 'embedding tensor' $m and 9m", 
according to 

X M = d M t + (Q M a + 8# N (t a ) M N ) t a , (2.7) 

with covariant derivatives given by = — A^_Xm @ Here, (t a )M N are the E 7 ^ 
generators ( 12. 3 p in the fundamental represent at ion q and the matrix m° is constrained 
by the relations 

®M a (t a ) N M = , Q M a = -2(tpt a ) M N Q N ? , (2.8) 

i.e. transforms in the 912 representation of £7(7). In absence of $m, it describes the 
gaugings whose gauge group entirely resides within the £7(7). The relative factors in 
(12. 7p are chosen such that the tensor Z k mn = (X(m)n) K factors according to 

Z K MN = {X {m )n) K = -\(t a ) MN {Q Ka -lQ(t a ) KL $ L ) = (t a ) MN Z Ka (2.9) 

and thus projects onto the 133 representation in its indices (MN). This will be a 
central identity in the construction. For convenience, we also define the projection of 
the gauge group generators onto the £7(7) factor of (12. ip as 

X M ee (e M a + M N (t a ) M N ) t a , (2.10) 

The gauged theory is invariant under the local symmetry 

5 J = A M X M -$= (Q M a + 8$ N (t a ) M N )K a (<p) , 
5 A Af! = D,A M ee d,A M + A«(X K ) N M A N , (2.11) 

where K a (<j>) represent the £7(7) Killing vector fields on the scalar target space, and the 
gauge group generators are given by evaluating ( 12. 7p in the appropriate representation, 
i.e. 

(X K ) N M ee -4 K 6% + (Q K a + 80 L {t a ) K L ) {t a ) N M . (2.12) 

2 For transparency we have suppressed explicit coupling constants, which can at any stage be 
reintroduced by rescaling $m — > g$M, ©m q — > 3©M a ■ 

3 We raise and lower adjoint indices with the invariant metric K Qi g = Tr [tai^]. Fundamental indices 
are raised and lowered with the symplectic matrix Q MN using north-west south-east conventions: 
X M = Q MN X N , etc.. 



5 



Finally, covariant field strengths are denned by 

U% = 2d { ,Al\ + {X N ) P M AlA p v] + Z Ma B, uai (2.13) 

with a Stuckelberg-type coupling to the two-forms B pva and the (constant) intertwining 
tensor Z defined in (12. 9p . They transform covariantly under the gauge transforma- 
tions (12.111) provided the two-forms transform as 

SaB^ = -2(t a ) MN (A M n^ - Afl 5A%) . (2.14) 

Moreover, the covariant field strengths (I2.13P are invariant under the tensor gauge 
transformations^ 

M x AN 



&=.B pva = 2V^y\ a + 2(t a )MN A^ SA 



5 s Aff = -Z Ma E, a . (2.15) 

The covariant field strengths ( 12 . 1 3[) satisfy the generalized Bianchi identities 

^[•jH^fp] = lZ Mo "H^ pa , (2.16) 

with the covariant non-abelian field strength 'K pvpa of the two-form tensor fields, given 
by: 

U pvpa = ?>D[»B vp]a + 6 t aPQ (d v A% + ~ X RS Q A^Ap^j , (2.17) 

where 

D^Byp^a = d[ p B up ] a + 2 t a pQZ Q ^A^ l B 1/p ] / s . (2-18) 
2.2 Consistency constraints 

The previous construction leads to a consistent (closed) gauge algebra, if the irreducible 
components i?m, ©M a satisfy the following system of quadratic constraints [22J 



$ m O = 16(t a ) MN $ M $ N , (2.19) 
(tj) [M P ON]^p = 0, (2.20) 

e M a e M/3 = 8 # M Q N [a t® MN - 4 f a % # M e M7 , (2.21) 

transforming in the 133, the 1539 and the 133 + 8645, of E 7 ^, respectively. For 
$m = they consistently reduce to the quadratic conditions of [15] . As we will show 
in the following, any solution to the constraints ( 12.191) — ( [2 .211) . will define a viable 
maximally supersymmetric gauged supergravity. 



4 W.r.t. reference [15] we have rescaled the two-form fields and associated tensors as B^ ua 

Ma , <7 Mo 



r> ~ i yMa , yMa 
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It is straightforward to show that (I2.19p -f l2.2ip imply several direct consequences 
for the gauge group generators, such as the closure of the gauge algebra according to 

[Xm,X n ] = —X MN K X K , (2.22) 

and orthogonality between gauge group generators and the intertwining tensor Z 

X M n K Z Ma = = & M Z Ma . (2.23) 

The reason for the fact that the gauge transformations consistently close into an algebra 
when properly extended to the two-form tensor fields even in presence of the gauging 
of the scaling symmetry is the underlying structure of a hierarchy of non-abelian tensor 
gauge transformations [261 EZ] which is not based on the existence of an action. The 
relative factors in (12. 7p and the identity (12. 9p are central in this construction. What 
we will show explicitly in this paper is that the non-abelian deformations defined in 
the previous section are precisely the ones that are moreover compatible with maximal 
supersymmetry of the field equations. 

2.3 Solution to the quadratic constraints 

In general, it is a hard task to construct solutions to the quadratic constraints of 
gauged supergravity. However, it turns out that in presence of the trombone (i.e. 
non- vanishing $m)j the system (I2.19p - fl2.2ip can be reduced to a much simpler one 
in terms of a reduced number of components. The strategy for solving the quadratic 
constraints follows the case of pure trombone gaugings [22J by decomposing all objects 
with respect to the i?6(6) x SO(l, 1) subgroup of £7(7). Explicitly, this means that the 
adjoint representation branches as 

t (f + + f m ) 

according to 133 -»■ 1° + 78° + 27~ 2 + 27 +2 , (2.24) 

while the fundamental representation breaks into 

#M -> (A, # m , O , 

according to 56 -»■ 1+ 3 + 27 +1 + 27 _1 + !T 3 , (2.25) 
and the embedding tensor 0a/ q decomposes into 

a . ( ca c cran c cm (a \ 

M ~^ Ui S 5 Sratu S ) j 

according to 912 -> 78 +3 + 27 +1 + 351 +1 + 351" 1 + 27 _1 + 78" 3 , (2.26) 

with its explicit (56 x 133) matrix form given in (IB. 21) in the appendix. We use indices 
a,b, . . . = 1, . . . , 78 and m,n, . . . = 1, . . . , 27 to label the adjoint and the fundamental 
representation of £?6(6)> respectively. 
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In appendix |B] we derive an important result: for non- vanishing $m and up to £7(7) 
rotations, the general solution to the system (I2.19p -f l2.2ip is parametrized by a real 
constant k, an E 6 ^ matrix S m n = E a (t a )]! n and two real tensors ( m , ^\- mn \ as follows 

(tf.,tf n ,#\tf-) = M,/< n ,o), 

(£+, Cm, £mn, C™, C-) = (S*, 0, C™\ H[ m fc rf„ ]fc ;C', -ftfC") 0) , (2.27) 

where c4 mn denotes the totally symmetric Eq^ invariant tensor. The tensors ( m , £[ mn l 
must be real eigenvectors under the action of H according to 

r /m 7; m/-n — 4 /-m 

"SS = — — rt S = 3 ft S 5 

5 H C mn = 2E k [m ( n]k = f«C™\ (2.28) 
which furthermore must satisfy the following set of polynomial constraints: 

(2.29) 
(2.30) 
(2.31) 

(t a -(S + | K /)-(S-| K /)) n m C n = -\C k ( ln dki P (t a ) n p . (2.32) 

As we show in appendix [Bj this system of equations is equivalent to the original system 
of constraints f l2.19p - fl2.2ip . In contrast to the original system, solutions to (12. 28ft - 
(I2.32p may easily be constructed. 

A simple solution to the system f l2.28p -f f2.32p is given by setting ( m = = ( mn . 
This leaves a non-trivial embedding tensor (12.271) parametrized by k and an -^6(6) g en_ 
erator S. This solution satisfies a stronger version of the quadratic constraints: left 
and right hand sides of equations f l2.19p -f l2.2ip vanish separately. In the limit k — > 
in which $m vanishes, this solution corresponds to the known gaugings induced by a 
Scherk-Schwarz reduction [28] from five dimensions parametrized by the choice of an 
-^6(6) generator [12] . For non- vanishing n, the higher- dimensional origin of these theo- 
ries is a generalized Scherk-Schwarz reduction from five dimensions in which the fields 
are twisted by a linear combination of the £>6(6) generator H and the five-dimensional 
trombone symmetry. The form of the generators (12 .7p shows that even for vanish- 
ing H = 0, switching on k corresponds to gauging a linear combination of the four- 
dimensional trombone generator t and a subset of £7(7) generators. More complicated 
solutions of the constraints involve non-vanishing zero-modes ( m , C mn . While we defer 
the complete solution of the constraint system (I2.28p -f l2.32p to a separate publication, 
a typical example of such a solution will be discussed in Section 12.51 

2.4 Invariants of the trombone 

We can classify the inequivalent gaugings according to the E7(7)-invariants constructed 
out of the embedding tensor. In particular, the quadratic constraints can be regarded 
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as conditions on the E7(7)-orbits of the embedding tensor. In terms of $m and Oa/ q , 
several E 7 ( 7 )-invariants can be constructed of which the simplest is the quartic invariant 
74 (t?) depending only on the trombone component $m according to 

J 4 (0) = -2(t a ) MN (t a ) PQ $M$N$P$Q 

= - (0. 0" + $ m $ m f + I0d mnp d mrS $ r $s $ n $ P 



-fV d mnp + I d mn P $ m $ n $ p ■ (2.33) 



The different orbits of the 56-dimensional fundamental representation of £7(7) are char- 
acterized via this invariant as 

(i) h($) > 0: the orbit is 



E 7(7) 

E 6{2) ' 



(it) IM < 0: the orbit is ^ ; 

V / *v / Ji 6(6) 

(Hi) I A (ti) = 0, ^ 0: the orbit is 



E 7(7) 



&&M r F 4(4) kT 26 ' 

(iv) h($) = 0,^1 = 0, t aMN $ M $ N + 0: the orbit is so(6i5 gg 32xTl) ; 
(v) t aMN $ M $ N = 0: the orbit is . 
Inserting the solution ( 12.27ft obtained in the previous section into ( 12.331) . we find 

J 4 (t?) = ^d mnp C m CC P - (2.34) 

From ( I2.29P it follows that h($) = = ^ ■ Since t a MN$ M $ N has a non- vanishing 
component (t m )' n 'd,'d n oc n 2 ( m , we conclude that ~&m belongs to the orbit (iv) of the 
above classification if ( k is non- vanishing, and otherwise to the orbit (v). 

In both cases the gauge group G g will then be a subgroup of the stability group of 
the corresponding orbit inside R + x E 7 ( 7 ). In case (iv), for instance, we should have 

G g c [R + x SO(6, 5)] X (T 32 x T x ) , (2.35) 

where R + is a suitable combination of the trombone symmetry and the 0(1, l) 7 sym- 
metry inside E 7 ( 7 ). 

2.5 An explicit example 

Here we present an example of a solution of the constraints (I2.28p - (l2.32p . The quadratic 
condition (12~29|) on ( m : 

d mnp CC P = 0, (2.36) 

can be viewed as a kind of "E 6 ( 6 )-pure spinor" constraint. It defines an orbit of the 
27 with stability group SO(5,5) x T 16 (see [2H])- This means that there exists an 
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S0(5, 5) C E 6 ( 6 ) with respect to which ( m is a singlet. If we decompose the adjoint 
and the fundamental representations of E 6 ( 6 ) with respect to 0(1, 1) x S0(5, 5) C E 6 ( 6 ) 
we find: 

78 -> 1° + 45° + 16+ 3 + 16; 3 , 

27 1 4 + 10+ 2 + 16; 1 . (2.37) 

The stabilizer of ( m is thus generated by the 45° + 16~ 3 , while ( m corresponds to the 
l" 4 . We denote by h the 0(1,1) generator, such that 5 h ( m = -4( m . Eqs. fl2~28|) . 
on the other hand, imply that <5~ C m = — 3 n m £ n = § ^C m - Since C m is a simultaneous 
eigenvector of both 5 and h, we must have <5[s,h] C m = 0, namely that 3 cannot have a 
component along the 16^ 3 : 

3 G l° + 45° + 16; 3 . (2.38) 

We conclude that 3 consists of a component proportional to h plus an element 3o in 
the algebra of the little group of ( m : 

3 = -hh+~ , fcoC = 0. (2.39) 

Let us consider the case in which 3 is a semisimple element of so (5, 5) and thus can be 
taken as an element of its Cartan subalgebra. One can show that in this case, taking 
( mn = C} m ri n \ with rj m in the 16 c 1 , all the constraints are satisfied. In particular the 
two sides of Eq. (12. 32ft are separately zero. As we shall show in Appendix IB.21 this 
equation in particular implies that 3 should commute with an SO (4, 4) subgroup of 
SO(5, 5). The resulting gauge algebra Q g is 21-dimensional and of the form: 

Qg = o(l, 1)© 50(2, 1) © © , 

dim(l (2K) ) = 16 , dim(l (4K) ) = 1 , (2.40) 

the gradings referring to the 0(1, l)-generator. We can understand the embedding 
of the gauge group into the stability group [M + x SO(6,5)] x (T 32 x T\) of the $m- 
orbit by decomposing SO(6,5) with respect to the SO(2, 1) x SO(4, 4). Then the 
generators of M + x SO (2, 1) provide the zero-grading part of the gauge algebra (12.401) . 
The gauge generators can be written in a manifestly SO(2, 1) x SO(4, 4)-covariant 
way. Let A,B = 1,2 denote the SO(2, l)-doublet indices while I, J = 1, . . . , 8 label 
the 8 S of SO(4,4). Then let T x , x = 0,1,2,3, be the o(l,l) + so(2, 1) generators, 
[(2k;) _ Spax^T^j) and = Span(T). The relevant commutation relations between 
the gauge generators are: 

[T XJ T AI ] = -(T X ) A B T BI , [T AI ,T BJ ] = e AB C I jT , (2.41) 

where Cu is the symmetric invariant matrix in the product 8 S x 8 S . In other words, 
with respect to SO(l, 1) x SO(2, 1) x SO(4,4) the generators {T x } are in the (3, 1)°, 
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{T AI } in the (2,8 s f K while {T} is in the (1, 1) K . In terms of the £7(7) -branching 
with respect to the E 6 ( 6 )-subgroup, the Tai consists of 8 generators from the 27 and 
8 from the 78, while T originates from the 27. This structure does not change either 
in the limit ( mn ~ >* 0, or in the limit ( m — > 0. In the latter case the gl(2) algebra 
of SO(l, 1) x SO(2, 1) contracts to a non-semisimple algebra of the form o(l, 1) + H 3 , 
where H% is a three-dimensional Heisenberg algebra spanned by nilpotent generators. 
Only if both the zero-modes vanish (£ mn — y 0, ( m — > 0) the Tai generators which 
do not vanish become abelian, the last commutator in (12.411) becomes trivial and we 
retrieve the first example discussed in section 



2.6 Cartan-Killing metric of the gauge group 

In the previous sections we have been discussing the general solution to the quadratic 
constraints and worked out the corresponding gauge groups in certain examples. With 
the general solution given in section I2.3[ the gauge group generators may be recon- 
structed from (j2.12p . putting together fIB.lj) . flB.2j) and (12.271) . The explicit form of 



the generators {Xm} = {X,, X m , X m , X'} in terms of the parameters k, E a , ( m , and 
Qnn j g gj ven j n f|Q xp i n the appendix. Via ( I2.22p these generators also encode the 
structure constants of the gauge algebra. We can compute the Cartan-Killing metric 
of the gauge group as guN = Tt(Xm Xn). Its non-vanishing components are 



a 1 



g.. = 64^ + 2S a S 
g. m = (96K 2 -2S a S a )C m , 

a — — fi " n rl 

g»m u 1 — 'I Unmks i 

g mn = (64/t 2 + 2 E a E a ) C m C , 

n — —RfMspqj J 

ijmn u S ^ tJj mkp' J 'nlq 

+ § (80/t 2 - 3 E a E a ) d mnk ( k + 24 d kl(m (E 2 ) n) k ( l . (2.42) 

For ( m = = ( mn this shows that the semisimple part of the gauge algebra is one- 
dimensional in accordance with its origin as a Scherk-Schwarz reduction from five 
dimensions. If ( mn = but ( m is non-vanishing, a contraction of equation (I2.32p 
implies that E a E a = 32k 2 , and the Cartan-Killing form accordingly reduces to 



g„ = 128k 2 , 



.2 

g. m = 32k 2 ( m 



g mn = 128k z C m C , 
g m n = —y« 2 c?mnfc + 24 d M ( m (S 2 ) n ) fc C' • (2.43) 



2.7 Electric/magnetic gaugings 

So far, we have discussed the structure of the gauge algebra by studying deformations 
that involve vector fields from the entire 56-dimensional fundamental representation of 
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i?7(7)- It is well known [T], that only half of these vector fields are dynamical electric 
vector fields while the other half is given by their magnetic duals. Accordingly, only the 
former half appears in the action of the ungauged theory. Nevertheless, the connections 
of a general gauging may contain magnetic vector fields that are related by their first 
order duality equations to the electric fields of the theory. In [30] it has been shown how 
to elevate this construction to the level of an action by introducing additional auxiliary 
two-form tensor fields (which in turn are the magnetic duals to the scalar fields of the 
theory). The magnetic vector fields then do not possess a standard kinetic term but 
rather couple via a topological BF term to the two-form tensor fields. On the other 
hand, all standard gaugings of the theory [T5] satisfy a symplectic locality condition 
that ensures the existence of a symplectic frame in which all the vector fields involved 
in the gauging live in the electric sector. In this sense even in presence of magnetic 
charges these theories remain electric gaugings in disguise which is in accordance with 
general results on the gauging of electric/magnetic duality [2HE2]- We shall see that 
this is no longer the case for the gaugings considered in this paper, related to the fact 
that these theories do no longer admit an action. 

For the solution of the consistency constraints of the embedding tensor discussed 
at the end of section [231 the left and right hand sides of equations fl2.19p -( l2\2ip vanish 
separately. The gauge group generators thus satisfy the symplectic locality condition 
q mn X m Xn = 0. I.e. as for the standard gaugings we can choose a symplectic frame 
{X M } {X A ,X A } such that all X A are identically zero. Indeed, in this case the 
explicit form of the generators fIC.ll) shows that X, = = X k . Accordingly, the 
gauging only involves electric vector fields {A^} = {A^, ,A^}. On the other hand, in 
the generic case the components ( m , ( mn in the embedding tensor are non-vanishing, 
such as in the example worked out in section 12.51 Then, equation ( I2.2ip implies that 
Q MN X m Xn ^ 0, i.e. there is no symplectic frame in which the gauging involves only 
electric vector fields. We conclude that the general gaugings including the trombone 
generator are necessarily and genuinely dyonic! 



3 Scalar coset space and the T-tensor 

In this section, we discuss the structure of the scalar sector of the theory, discuss 
its interplay with the gauging defined in the previous section, and define the relevant 
scalar field dependent tensors (T-tensors) that enter in the field equations of the gauged 
super gravity. 



3.1 Coset space E 7{7) /SU(8) 

The scalar fields of iV = 8 supergravity can be parametrized in terms of the 56- 
dimensional complex vectors Vm^ = (Va ,j , V Ey ) and their complex conjugate Vuij = 



12 



(Vajj, V E jj), which together constitute a 56 x 56 matrix V, 

d \ 

(3.1) 




Indices M, N, . . . = 1, . . . , 56, label the fundamental representation of £7(7), indices 
. . . — 1, . . . , 8 denote the fundamental complex 8 of ;Sf7 (8) |U 

The underlined indices M, N , . . . = 1, . . . , 56, are a collective label for the 28 + 28 
of 577(8) . The matrix Vm~ transforms under rigid £7(7) from the left and under local 
SU(8) from the right. Strictly speaking, it does not constitute an element of £7(7), but 
it is equal to a constant matrix (to account for the different bases adopted on both 
sides) times a space-time dependent element of £7(7). We refer to [9j [15] for further 
details. In particular, the scalar matrix satisfies the properties 

Vm %3 VNij — Vm%3 Vn 3 = i &MN , 
n MN V M ij V Nk i = i5 ij k i, 
n MN v M ij v N kl = 0, (3.2) 

reflecting the fact that £7(7) is embedded into 5p(56). The covariant scalar currents 
Q^j and VJ° kl are defined by 

-A^X PM N V N ij = -Q^Vm^ + V^Vmu, (3.3) 
with gauge group generators from (12.121) . and satisfy 

Q i _ _Q i Q i _ n -p ijkl _ J_ ijklmnpq <p (o A\ 

as a consequence of Vm~ being related to an £7(7) element by multiplication with a 
constant matrix. The integrability conditions of (I3.3P yield the Cartan-Maurer equa- 
tions, 

^(QW e= 2d [tl Q v] j + Q {l /Q v]k l = iVj klm V vWm -liU™{X M ) p QV Pik V Q jk 

V { ,V v] ijkl = -linff u (X M ) PQ Vp ij V Q kl , (3.5) 

with the SU(8) covariant derivative and the covariant field strength TLyf^ from 
(I2.13P - Note that its part carrying the two-forms B^ ua drops from (13. 5p due to the 
orthogonality relation ( 12. 231) . 



3.2 The T-tensor 

Following pi [15] we define the T-tensor as the gauge group generator (12. 121) dressed 
with the scalar vielbein 

( Tfi )«nm = | (V -l ) ..M (V - 1)fcW(XM) ^ V ^n ) etc _ (3 g) 

5 Earlier, in section [2~3l we have used indices m, n, ... in a different context labeling the 27 dimen- 
sional fundamental representation of £^(6)- We hope that this does not lead to extra confusion. 
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The various components of this tensor will show up in the modified field equations of 
the gauged theory and parametrize the new couplings. The linear constraints (12. 8p 
satisfied by the embedding tensor can be made explicit by parametrizing the T-tensor 
in terms of the irreducible SU(8) tensors A l i , A^ kl , B % \ transforming in the 36, 420, 
and the 28, respectively^ according to 

(rp \ mn t x\- m A n ) i xmn a l/Ci mn R i smn r> \ lrmnn 

{J-ij)ki - 2 d [k A m + d \i[k A m - °\i[k B m + °h - 2°m B a > 

(Tij) rs pq = -ld [ ^A s] q]ij - <Jj£A,y] + |(8 5 r ^ p B q]j] + 5 r p s q B i:j ) - |0J£By , 

(Tij)klpq 24^klpqrstu^[iAj^ -\- 'y^^klpqijtuB , 

It \rs mn r f a smn] , ncp jjmn] in n\ 

(T fi ) = d^Aj] J +2^. B J . (3.7) 

The tensors A % \ A^ kl together with their complex conjugates fill the 912 representa- 
tion 6a/ q of the embedding tensor and carry the structure of the standard gaugings. 
The tensor B l i is related to the new components $m of the embedding tensor according 
to 

$ m = Vm 11 B 1]+ V Mi] BV , (3.8) 

and contains all the new contributions due to the gauging of the trombone generator. 
Together, the tensors A and B will describe the scalar couplings of the gauged theory. 
From their definition (13. 7p and (13.61) one derives the differential relations 

= lA^ Hm P^ klm , (3.9) 

T> A i kl — 9 4- V m i kl 4- mn U k A 1 ] . _|_ "E> rnnp[j ck aI] ('Q t n^i 

T^iiBij = —V, 1 ijkiB kl , (3.11) 

where again refers to the SU(8) covariant derivative with the composite connection 
QpS from (Q. 

For the supersymmetry algebra it will also be useful to compute the tensor Z M kl 
upon dressing with (V~ l )kj K {V~ l ) % i L : 

z M kj ij = -\(y~ lmM A nk + v-h^A™) + hy- lmnM A\ mn + V~ l mn M A k imn ) 

+ A(V~ lmM B nk + V-\i M B ni ) + Ul(y~ lmnM B mn + V-\ nn M B mn ) . 

(3.12) 

Dressing the quadratic constraints (I2.19j) -( l2.2ip (or alternatively (I2.22p ) with the 
scalar vielbein (13. ip induces a plethora of relations bilinear in the tensors A, B. In 
appendix |Dl we have collected a number of such identities which are important in the 
subsequent calculations. Here, we only give two examples of such identities. A linear 
combination of the constraints ( ID. II) transforming in the 63 of SU(8) shows that the 
traceless part of the hermitean tensor defined by 



TP . = (\ A ik A — iA i , A - mnk 4- — ( A ■ imn R 4- A i ■ p>™n\ _ 256 r>ik r> 



jk ) 



I.e. A ij = AJ kl = A^ kl \ A, lkl = 0, B lj = and complex conjugates (A ij )* = A lj} etc. 
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vanishes 



IT, = |^n\. (3.13) 



Another useful identity is given by the self-duality equation 



mnpq 



for Tlijki = A m [ij k Ai] m — jA m P iijA p k i] m + 2A m iij k Bi] m — 8BiijB k i] , (3.14) 



which is obtained as a linear combination of the constraints (1D.3j) transforming in the 
70 of 517(8) 

3.3 Vector fields 



As mentioned above, only half of the 56 vector fields Aff enter the Lagrangian of 



the ungauged theory. This corresponds to selecting a symplectic frame, such that the 
vector fields split according to {A 1 ^} — > {A^, A^a} into electric and magnetic fields. 
Accordingly, we define the electric field strengths via (12. 13[) as the curvature of A^ 
while their magnetic duals are defined as functions of the electric vector fields according 
to 

0+A = AT AS ^+ s +fermions, (3.15) 

with the complex matrix A/as defined by V Sjj, A/ae = — Va jj , and where the su- 
perscript ± refers to the ( ant i-) self dual part of the field strength. The fermionic 
part of (I3.15P is explicitly given in [TJ [9j [15] . We define the full symplectic vector 
= (H^yGfivA) , which will in particular enter the fermionic field equations and 
supersymmetry transformation rules. By construction, it allows the decomposition 

gM = (v -l )iiM ^+ .. + (V -1 } ..M^ +fermionS; (3 . 16) 

into its self dual and anti-self dual part. In contrast, we introduce the field strengths 
W^ u and T-L^ij as the dressed version 

% M = (y-lfM^.. + {V -l).M H V j (317) 

of the covariant non-abelian field strengths introduced in (I2.13p . that combine electric 
and magnetic vector fields. Note that = Q^ v is identically satisfied, whereas 
"%a*j/A = QfiuA describes the first order duality relation between electric and magnetic 
vector fields. 



4 Supersymmetry algebra 

Before deriving the full set of supersymmetric equations of motion, we establish the 
supersymmetry transformation rules by verifying the supersymmetry algebra. Under 



15 



supersymmetry, the bosonic fields transform as 

6 e A™ = -in MN V N ij (f-YrXw + lVZei^ +c.c. , 
cUW = fv^(t Q ) PQ (Vp u VQHe [l 7^X jH] + 2v^Vp jfc VQ ifc e i7[/ ,^] J + c - c -) 

■ A? 

Hp 

while the transformation of the fermions is given by 



+ 2(t a )MNAft6A%. (4.1) 



<5 eX ^ = -2y/2Vj jkl Yti + T^/V^ ~ 2A/ jk e l - , (4.2) 

up to higher order fermion terms. Except for the respective last terms in the fermionic 
transformation rules (carrying the tensor By), these supersymmetry transformations 
are known from [9j [15]. The structure of the new terms follows from the SU(8) repre- 
sentation content, their factors are determined from the closure of the supersymmetry 
algebra. This algebra is given by 

[8(e 1 ),S(e 2 )} = ^A J +^o r (fi a6 )+4us y (e3)+5su(8)(A 4 J )+W(A M )+W(^) • (4.3) 

The first term refers to a covariantized general coordinate transformation with diffeo- 
morphism parameter 

e = 2e 2 Ve li + 2e 2i7 V, (4-4) 

and including terms of order g induced by the gauging. The last two terms refer to 
gauge transformations (12. lip . (I2.14p and f !2. 15j) . with parameters 

= -4iV2V NP {Vp mn e 2m e ln -V Prfm ^) , 

respectively. Up to the contributions from the new terms in the supersymmetry trans- 
formation rules, the supersymmetry algebra has been verified in [9j [15]. In presence of 
By, B l i , the commutator (14. 3 j) evaluated on the vielbein acquires the additional terms 

[5 eiJ «J ea ]e/ = ... -Ay/2 (B mn e 2m e ln + B mn ^) . (4.6) 

These precisely reproduce the action of a scaling gauge transformation with parameter 
(14. 5 p on the vielbein 

5 A e, a = A M tf M t -e M a (4.7) 
= -4iV2 n MN $ M (V N mn e 2m e ln - V Nmn e?e?) e/ 
= — 4a/2 (B mn e 2 m ei n + B mn ^e\) e^ a , 
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where we have used (I3.2p and (I3.8p . Similarly, one may check that the terms carrying 
the scalar tensors (13. 7p in the supersymmetry commutator on the scalar fields combine 
into 

V~ u ' M [6 eiJ 6 e2 }V M M = ... -8V2(T-^e 2m e ln + T mri ^^) 

= ... +V- l ^ M A N (X N ) M K V K kl , etc. 

and consistently reproduce the action of a gauge transformation with parameter (14. 5p . 
In checking the supersymmetry algebra on the vielbein and the scalar fields, we have 
fixed all the new factors in the supersymmetry transformation rules (14. 2p . As a consis- 
tency check, one may further verify that the algebra also closes on the vector and the 
tensor gauge fields. 

5 Equations of motion 
5.1 Einstein equations 

Having established the supersymmetry algebra, we can now determine the deformed 
equations of motion by requiring covariance under the new supersymmetry transfor- 
mation rules. As there is no longer an action underlying the gauged theory, we have 
to work directly on the level of the equations of motion. This derivation of the super- 
symmetric field equations is based on reference |33j . We will start from the gravitino 
equations of motion for which we use the following ansatz 

+ A s/2B ij7 ^TpJ + ( B kl YXiki • (5.1) 

Except for the last two terms, these are the equations obtained from variation of the 
Lagrangian [91 [15] of the gauged theory. While the SU(8) structure of these two addi- 
tional terms is fully determined by the representation content, we will in the following 
determine their unknown coefficients A and ( by compatibility with supersymmetry. 
E.g. vanishing of the T>^e terms in the supersymmetry variation of ( 15. ip imposes 

2V2B tJ (XY u -e-V^ 7pCT )2V = 0, (5.2) 

from which we deduce A = —2. Vanishing of the terms linear in BQ ± e further deter- 
mines ( = —5/3, but we will for the moment keep the parameters in the formulas so 
as to allow for further consistency checks. 

Let us concentrate on the part of the supersymmetry variation of ( 15. ip which is 
bilinear in the scalar tensors A, B which originate from variation of its last four terms. 
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We obtain 

{6A lk A> k - l -A klm A\ lm + YlA lk B^ k + 6XB ik A jk (5.3) 
-lA^ m B lm ~2CA\ kl B kl + (12X + ^)B lk B^ k -^5iB kl B M ] x 7 %- . 

Only the (r/)-trace of the braced expression can be absorbed into a modification of 
the Einstein equations. In particular its anti-hermitean part must vanish. Indeed, this 
follows from the first of the bilinear constraint relations (ID.lj) provided that A = 2£ + |, 
which is satisfied for our above choice of constants. With this value for A, the expression 
(15. 3p reduces to its hermitean part 

{6A tk A^ k - X -A klm A\ lm + (10 + 60(A ik B* k + B lk A? k ) (5.4) 

- (§ + ()(AS lm B lrn + A\ kl B kl ) + (16 + ^) B ik B* k - %{B kl B kl } x 7 %- . 

Finally, we observe that with the above value Q = —5/3 all coefficients precisely re- 
produce the linear combination appearing in the quadratic constraint ( I3.13p . such that 
the full expression reduces to its trace part 

{^A kl A kl -^Aj kl A n jkl -^B kl B kl } x -fei, (5.5) 

which can be absorbed into the modified Einstein equations. Another important in- 
gredient in the calculation is the evaluation of the commutator 

= (ig^n - n^ v) ) + d M {u-» vM - m + » vM ) 7 ,e 4 

+ h fMup F(Q) vp i j e j , (5.6) 

with the modified Riemann tensor and the curvature of the 577(8) connection from 
(12 .4p and (I3.5p . respectively 

Putting all this together, a somewhat lengthy calculation shows that the full super- 
symmetry variation of the Rarita-Schwinger equation (15.11) eventually takes the form 

S^Yi = (^Ein S tein)^7,e J -2v / 2(^vcctor)%-e i , (5.7) 

where (^Einstem)^ and (£ vec tor Yij denote the modified Einstein and the vector field 
equations of motion, respectively. In bringing the supersymmetry variation into this 
form, we have in particular made use of the equations 

x M (G™ - u%) = o = # M (g£ - up . (5.8) 

For a purely electric gauging, these equations are identically satisfied. In presence of 
magnetic charges, these equations represent the first order duality equations between 
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electric and magnetic vector fields. The second order field equations obtained in (15. 7p 
read 

+ fT (\A kl A kl - ±Aj hl A n M - \B kl B kl ) . (5.9) 

and 

(fvectar)^ = V v g +V \ + V vm G~ W - § (A^V^nM + 4B kl V» m ) -(5.10) 

The modified Einstein equations show that the presence of the tensor B^ induces a 
positive contribution to the effective cosmo logical constant. This is a typical feature 
of the theories with trombone gauging H3 HSJ EH H3 EHl EB E2] • 



5.2 Scalar field equations 

We start from the following ansatz for the equations of motion for the spin- 1/2 fermion 
fields Xijk 

= (£ x ) tjk = -ly^xw-f l v l^V» m + \l P l^\*G^ V ij\ 

- ll^[kB i:j] + ^§e ijklmnpqX lmn B pq , (5.11) 

with the scalar tensor 

Aij k Jmn 144*^/2 £ijkpqr[lm A n j Pq . (5.12) 

Again, up to the last two terms whose structure is determined by 577(8), equations 
(15. lip follow from varying the Lagrangian of [HI [15] . The new coefficients are fixed by 
compatibility with supersymmetry and follow as in the last section by imposing the 
vanishing of the linear terms of the form BT>e and BVe in the supersymmetry variation 

of dsn}. 

Again we first focus on the part of the supersymmetry variation of (£ x )ij k which is 
bilinear in the scalar tensors A, B and find 



— ^A r ij k Ai r + 4A r ij k Bi r + 4B[ijA k ]i — 8B^jB k ji — -eij k i rmnp A q rmn B pq 



V2 

g »Jiv--»i ' n ' L<j--n,ji, \_ L J g 

+ -^£ijkrmnpqAl P<1 (A s + ^5 S B ) + -^€ij k lmnpqB B Pq ^ X € . (5.13) 

Upon adding a proper linear combination of the two quadratic constraints (1D.4|) in the 
378, this expression reduces to 

y/2 



-g- |2A r [j jfe ^] r + AA r [ ijk Bi] r — 8B[ijB H ] 

+ ^e ijklmnpq (A/ qs A s mnr + f B mn B pq ) } x e l , (5.14) 
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which is manifestly antisymmetric in [ijkl] . Finally, the combination of quadratic 
constraints f l3.14|) can be used to simplify this expression to the manifestly self-dual 
expression 

— "I Cijkl ~\~ 2^^ijklmnpq^ pq ^ X 6 , (5.15) 

with the tensor 

+ 2A m [ijk B l]m . (5.16) 

This expression will be part of the modified scalar field equations. After some more 
calculation, and using the first order field equations ( 15. 8p . the full supersymmetry 
variation of the fermionic field equation (£ x )ijk eventually takes the form 

^t(^x)ijk ~3~ (^scalars)y'W ^ T/j (^vector )^[ij ^k] ■ (^•I'O 

with the vector field equations from (I5.10p and the full scalar field equations given by 

We note that the term bilinear in the tensor Bij has dropped out from the scalar field 
equations. Also this is a characteristic feature for theories with trombone gauging B As 
a consequence, for pure trombone gaugings (0m q = 0, implying that Aij = = Aj kl ) 
a simple solution to the bosonic field equations is given by a de Sitter geometry with all 
scalar and vector fields vanishing. We shall discuss this solution in more detail below. 
Let us finally note, that due to the presence of the mixed term A m \ij k B^ m the scalar 
field equations ( 15.1 8p cannot be integrated up to a scalar potential. 

5.3 Yang-Mills equations 

The vector field equations of motion (I5.10p can be rewritten equivalently as 

V M ij V^g vp] M = -\ee^[A^ nkl V^ ]nkl + AB kl V^ kl ), (5.19) 

or 

V^Gvpf = lee, upa Z Ma (t a ) KL V K ^V L kl V\ jkl , (5.20) 

with the tensor Z Ma from (12.91) . Since in the derivation of the field equations we 
have also come across the first order duality equations (15.81) for the vector fields, an 
immediate question is the compatibility of these equations with the second order field 
equations. Upon contracting equation ( 15.201) with -&m or Xm, its r.h.s. vanishes by 

7 Let us correct a misprint in reference [22]: the last term in equation (4.44) of that reference is in 
fact absent in accordance with the equation obtained by dimensional reduction of (|5.18l) . 
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fiijkl 2 v pv{ij v kl \ iQ c ijklpqrsV V p,v 

Cijkl 2d^ijklpqrs . (5.18) 



virtue of f!2.23j) while on the l.h.s. the first order duality equations (15.81) allow to replace 
Q^f p by the covariant field strength ti^,. Then also the l.h.s. vanishes by virtue of the 
Bianchi identity fl 2 . 1 6 [) and (12.231) . Both sets of equations are thus compatible. As 
another consistency check, we observe that upon applying the operator e^ ypT T> r) the 
l.h.s. of ( I5.20p reduces to 

-\e^ pr Q%Q L pT X KL M = -Z Ma (t a ) KL {G+ u K G + ^ L + g- u K g- puL ) , (5.21) 

whereas the r.h.s. contains the scalar field equation (I5.18p . This provides a number of 
important non-trivial consistency checks on the set of bosonic field equations that we 
have obtained from supersymmetry variation, but not derived from an action. 



5.4 Maximally symmetric solutions and mass matrices 

According to (I5.18p . a solution to the field equations with constant scalar and vanishing 
vector fields requires the anti-selfduality condition 

Cijkl , (5.22) 

for the scalar field dependent tensor C^i from (I5.16p . For the standard gaugings, this 
is precisely the condition for an extremal point of the scalar potential [9]. In presence 
of the local scaling symmetry, however, we recall that the scalar field equations can 
in general not be integrated up to a scalar potential. Any solution to (15. 22[) yields a 
solution to the field equations with maximally symmetric four-dimensional spacetime 
and cosmological constant 

A = -\A kl A kl + ±Aj kl A n jkl + lB kl B kl . (5.23) 

The spectrum of the theory around this solution can be obtained by linearizing the 
field equations. Using (ID.2j) . linearization of the scalar field equations ( I5.18P around a 
solution of ( I5.22p yields to lowest order 

= M tlkl mnpq <Pmn Pq + 0(<p 2 ) , (5.24) 

with self-dual scalar fields 4>ij k i = -^Sij k i pqrs (ff qrs and the scalar mass matrix J^Aij k i mnpq 
whose symmetric part is given by 



"Alpq 



ka mnpq lijkli p. ( A ijk Al _\ Ajkl A} _A iklp>. _ Ak , f>il\ 

Jvl ijkl Y Ymnpq u y^m ijn ■"-jmn ^m J -'in imn 1 -> j 

+ (24" A£ A j k i — ^AijA (j) Pq 4>mnpq 

— I A^ kl A m npg (j) inpq (f>j k im j (5.25) 
while its antisymmetric part reads 

M ljkl mnpq <f>f % mnpq = I {B rs Ar [m - B rs A m rs[i ) <ff % mjkl 

- 4 (Ai mnp B jk - A™ ljk B n n <f,f V 2] mnpl • (5.26) 
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The calculation of (I5.25p . f!5.26|) makes use of identities for self-dual tensors, such as 
those given in (35] as well as of the quadratic constraints derived in appendix [Ql For 
B %: > = 0, the mass matrix consistently reduces to the expression given in [36] and its 
antisymmetric part vanishes. 

For the vector field equations (I5.10P we find the linearized form 



pq 



□ Am = | (A^ 1 - 46$B kl ) (T™) j]nkl A, pq + l (A^ kl - 4<f£fl") (T pq ) j]nkl A 
from which using (13. 6p . (13. 7p we read off the vector mass matrix 

M - ( MijM Mm \ (5 27) 

vec ~ 1 M ijkl M ij ' ' { ' 



ki 



with 



Mq u = -lA { r^A\ pq + \A { ^ k A l \ ]pq + l^A^B pq - \A { r kl B j]n 

-l5 [k A l ^ j]pq B^ + ^ k ni3 B 1 ^ - IS k jB^B pq - + f B^^B^ , 

\A J_ A pqr A mns J_ a pqr Tymn 

- /v ^ijkl 36 I* ^j]pqrmns[k-^-l] j^g t-klmnpqrli-^-j] 

_i_l A pqr rymn 2 rymn rypq (r r>o\ 

'9 ^ijpqrmn[k ^-l] gtijklmnpq-E > -D • yo.Z,o) 

Finally, the gravitino and fermion mass matrices are directly read off from (15. ip 
and (15. lip , respectively and take the form 

M f ij = V2~(A ij -2B ij ) , 
M m,imn = (e^ kpqrllm A n] pqr + 2e ijklmnpq B pq ) , (5.29) 

where the first matrix carries the information about the breaking of supersymmetry 
and the latter matrix has to be evaluated after projecting out the fermions that are 
eaten by the massive gravitinos. 



6 Example: de Sitter geometry and mass spectrum 

We have in the previous section derived the full set of fermionic and bosonic field 
equations of the gauging in presence of the trombone generator and shown that they 
transform into each other under supersymmetry. In absence of an action, these equa- 
tions capture the full dynamics of the theory. As a simple example and application of 
the construction, in this section we analyze in more detail the gauging discussed at the 
end of section 12.31 parametrized by k and S a . In particular, we show that this theory 
admits a de Sitter solution with constant scalar fields and work out its mass spectrum 
by linearizing the equations of motion around the vacuum solution. In the absence 
of the trombone gauging, i.e. for k = 0, the theory is characterized by an EWe) g en_ 
erator S a and corresponds to the Scherk-Schwarz reduction from five dimensions first 
analyzed in [37, 38J and revisited in the context of four-dimensional gaugings in [T2] . 
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As a first step, we calculate for this theory the value of the tensors Ay, Aj kl and 
B^ at the origin, i.e. for all scalar fields vanishing. Since at the origin, the group i?6(6) 
is broken down to its maximally compact subgroup, the values of these tensors will be 
expressed in terms of the USp(8) building blocks (k, ^ kl ), transforming in the 1, 
36, and 42 of USp(8), respectively, of which the latter two compose the £"6(6) generator 
S a . The indices i, j, . . . = 1, . . . 8, here label the fundamental representation of USp(8). 
Explicitly, these tensors satisfy the relations 

£*j = gi ; £*iW = giM ; £*i« WjH = , (6.1) 
with the £7Sp(8)-invariant symplectic matrix cjy, and the reality properties 

(C j T = & = oo^e 1 , etc. (6.2) 

At the origin, the scalar tensors Ay, and take the form 

A H = ; A jM = _a_ U}im £m\j U} kq + uU mjki ; B ij = ^ K (6 3) 

The condition for extremality (15. 22ft coming from the scalar field equations splits into 
the equations 

kc jM = V2u mn r [t e kl]n , e jhl tim = o. (6.4) 

Obviously, even for non-vanishing parameter k these equations leave no other solution 
than = 0, i.e. induce a Scherk-Schwarz gauging with a compact generator of i?6(6) • 
On the other hand this shows that choosing = suffices to guarantee that the 
scalar field equations (15.1 Bp are solved by setting all scalar fields to zero. For the 
cosmological constant (I5.23p . we obtain 

A = + f * 2 = f * 2 , (6.5) 

i.e. the Einstein field equations (15. 9p are solved by a Minkowski space for the standard 
gaugings and by a de Sitter geometry for non-vanishing k. 

The fermionic mass spectrum for this solution is obtained by linearizing the fermionic 
field equations (15. lft , (15. lip around the de Sitter background with the mass matrices 
given by (I5.29p . For the eight gravitino masses we obtain 



m 



grav 



± A /mf + 4K 2 , i = l,...,4, (6.6) 



where we have denoted by zm, the eigenvalues of the anti-hermitean matrix %J . For 
non-vanishing k thus all supersymmetries are broken, as is required by the de Sitter 
geometry and 8 Goldstinos are found among the spin- 1/2 fermions. For vanishing k 
on the other hand, supersymmetry is broken according to the number of non- vanishing 
eigenvalues of & , in accordance with the results of [37J 138] . 
The remaining fermion masses are given by 



m ferm : ±J mf + 4k 2 , ±J (rrii ± m, ± m k ) 2 + Ak 2 , (i < j < k) . (6.7) 
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We find that the effect of the additional trombone gauging is a shift in all the fermion 
masses. Likewise, we may calculate the scalar mass matrix (I5.25p . (I5.26p . with (I6.3P 
and obtain 

M m mnpq = n 2 ( K C s erS^r-^ [m ^C J ^ + 32K^ m [i 6;^F 42 , (6.8) 

where P42 refers to the projector onto the 42 scalars in the decomposition 

70 — > 1 + 27 + 42, (6.9) 

of SU(S) under USp(8), i.e. all other scalars come with zero mass. In (I6.8p . the last 
term lives entirely in the antisymmetric part of the mass matrix. In terms of the 
eigenvalues of £ m n , diagonalization of (16. 8p leads to the following spectrum 

|| 30 x 

(rrii ± rrij) 2 + 4iK\rrii ±m,j\ \\ i<j 

(rrii ± rrij) 2 — 4in\mi ± rrij\ \\ i<j 

(mi ± vri2 ± r«3 ± m 4 ) 2 + AiK\mi ± vri2 ± ± m 4 | j 

(mi ± m 2 ± m 3 ± m 4 ) 2 — 4ifi;|m 1 ± m 2 ± m 3 ± m 4 | |j , (6.10) 

for the masses of the scalar fields. For vanishing k, we precisely reproduce the mass 
spectrum of |37j. Upon switching on k, all non- vanishing mass-eigenvalues degenerate 
according to m 2 — > m 2 ± 4z/oti . The fact that most of the mass eigenvalues come out 
to be imaginary is due to the antisymmetric contributions to the mass matrix. Finally, 
the vector mass matrix (I5.27P takes the form 

■Mijkl = £i[k£l]j ~ | w i[fc^ n z]^jn + \^j[ki n t\^in ~ 2l^i[k£l]j + ^ KU} j[k^l]i 

- lK 2 UJ i:j U k i - ^K 2 UJ i[k Ui ]:j . (6.11) 

In terms of the eigenvalues of the matrix £ m n , we find the following mass spectrum 

(rrij ± rrij) 2 + 4m|mj ± rrij 
{rrii ± rrij) 2 — AiK\mi ± rrij 



For non-vanishing k thus all 28 vector fields become massive. The associated massless 
Goldstone bosons can be identified in the scalar spectrum (I6.10P which provides a 
strong consistency check of the result. The matrix (16.1 ip has half- maximal rank in 
accordance with the fact that this gauging is purely electric and involves only 28 of the 
vector fields. 



1 


| 28 x 


32 2 1 
9 K 1 


1 * < j 


32 2 I 
9 K 1 


1 i < j 


32 2 1 
9 K 1 


| 3 x 


32 2 I 


1 1 x 



(6.12) 
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To summarize, we have shown that for the theory discussed at the end of section [2731 
a de Sitter geometry with constant scalar and vector fields provides a solution to the 
full set of field equations. While the a non-vanishing k in the fermionic sector simply 
induces a shift in all the fermion masses, we find that in the bosonic sector, most of 
the modes have imaginary mass square eigenvalues. This is due to the fact that the 
equations of motion do not descend from an action and may be a sign of an instability 
of this solution in de Sitter space. Actually the imaginary shift in the mass squared of 
the bosonic fluctuations reminds of the Breit-Wigner formula^] for the propagator of an 
unstable particle, which has a characteristic imaginary shift in the pole proportional 
to the particle decay width V: 



p2 _ m 2 _|_ 

From this point of view our results seem to suggest that the bosonic fluctuations "die 
off" at some characteristic time 5t ~ mT/E proportional to the trombone parameter k. 
It would be interesting to understand the implications of this feature for the stability 
properties of the background. 

A particular limit of this theory is the case of a 'pure trombone gauging', i.e. 
£ m n = with vanishing mass parameters rrii . It follows from the above formulas, that 
in this case all scalar fields remain massless while all vector fields appear with negative 
mass squares, again a sign of an instability of the solution. It will be interesting to 
analyze in more detail, if this instability is a generic feature of the theories with local 
scaling invariance or if some classes of theories among the more complicated gaugings 
constructed in this paper eventually admit stable vacuum solutions. 



7 Conclusions 

In this paper, we have derived the most general couplings of four-dimensional super- 
gravity with a maximal number of supercharges. With a gauge group embedded in the 
£7(7) x R global symmetry group of the Cremmer- Julia theory, the gauge generators are 
parametrized in terms of an embedding tensor, carrying 56 + 912 parameters, subject 
to a set of bilinear algebraic consistency constraints. After suitable parametrization, 
we find that the latter reduces to the system (I2.29p - fl2.32p which allows to construct 
simple solutions. The standard gaugings whose gauge group is a subgroup of E 7 ^ 
correspond to an embedding tensor in the irreducible 912 representation. Additional 
non-vanishing components in the 56 representation define theories in which local scal- 
ing invariance M (the so-called trombone symmetry) is part of the gauge group. 

We have determined the general form of the gauge groups and worked out the full 
set of modified field equations of these gauged N = 8 supergravities. As a particular 
feature of these theories, we have found that a gauging of the trombone generator leads 

8 We are grateful to Riccardo D'Auria for pointing out this analogy. 
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to an additional positive contribution to the effective cosmo logical constant. Moreover, 
it turns out that gaugings with local scaling symmetry are generically dyonic, i.e. 
involve simultaneously electric and magnetic vector fields. We have analyzed in detail 
the simplest example of such a theory which has its higher-dimensional origin as a 
generalized Scherk-Schwarz reduction from five dimensions. We have shown that this 
theory admits a de Sitter solution with constant scalar fields and determined its mass 
spectrum indicating that the solution is not stable. 

While in this paper we have analyzed only a single example within the new class of 
theories, which describes a one-parameter deformation of the known Scherk-Schwarz 
gaugings from five dimensions, it would be highly interesting to generalize this analysis 
to other examples and to perform a systematic study of the possibilities of deformations 
of the known gaugings. In particular, starting from a theory with supersymmetric AdS 
vacuum, the additional positive contribution to the effective cosmological constant may 
lift the space-time geometry to Minkowski or de Sitter upon inclusion of the trombone 
generator. In this context it would be important to investigate if the instabilities that 
we have found in the bosonic spectrum of our example are due to the simple structure 
of that example or if they persist to more complex situations and represent a generic 
feature of these theories. 

Another interesting aspect for further study is the dyonic structure of the con- 
structed gaugings. Whereas the appearance of magnetic vector fields is not new and 
has shown up in previously constructed gaugings in four dimensions [30l [T5] , in the 
standard theories there is always a symplectic frame in which all magnetic vector fields 
drop from the action and the field equations. This frame can be reached in a system- 
atic way by integrating out the two-forms from the action. In contrast, we have found 
that for the gaugings constructed in this paper there is in general no symplectic frame 
in which all gauge fields would be electric. These gaugings are of genuinely dyonic 
nature. This does not contradict the no-go results on the gauging of electric/magnetic 
dualities [3TJ E2], as the resulting theories do no longer admit an action. It would be 
highly interesting to study the structure of such dyonic theories in more detail. 

It is certainly remarkable that maximal supersymmetry in four dimensions not only 
admits the standard gaugings with gauge groups inside £7(7), described by an embed- 
ding tensor in the 912 representation 0, [EH EES], but moreover allows for yet another 
non-trivial deformation of the field equations described by 56 additional components 
of the embedding tensor. On the other hand, this may be viewed as another sign of 
the underlying symmetry structure of extended supergravity theories: upon dimen- 
sional reduction to two dimensions, the global symmetry group of maximal ungauged 
supergravity is the affine group £"9(9) [39] while its gaugings are parametrized by an 
embedding tensor 02-dim transforming in the basic representation of that group [ID]. 
This infinite-dimensional highest-weight representation thus captures all deformation 
parameters of the two-dimensional theory. Decomposition w.r.t. the finite-dimensional 
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subgroup £7(7) x SL(2) gives rise to its lowest level components 



+1 



(1,2) 



+2 



(56,2) 







2-dim 



+3 



(133, 2) + (1,2) 



(7.1) 



+4 



(912,1) + (56,1) + (56,3) 



from which the higher-dimensional origin of these theories may be inferred. E.g. the 
theories described by parameters in the first two rows correspond to torus reductions 
from four to two dimensions, in which the KK vector field and the two-dimensional 
vector fields acquire non-vanishing flux components along the two-torus, with the cor- 
responding deformation parameters transforming in the (1,2) and the (56,2), respec- 
tively. Parameters in the third row describe Scherk-Schwarz reduction from four to 
two dimensions, including twists with the four- dimensional trombone generator. The 
(912, 1) in the fourth row corresponds to theories obtained by dimensional reduction 
from the standard gaugings in four dimensions, while the (56, 1) describes the dimen- 
sional reduction of the theories with local scaling symmetry constructed in this paper. 
This shows that after dimensional reduction both the standard gaugings as well as 
trombone gaugings and combinations of the two are described on equivalent footing by 
parameters residing within a single irreducible representation of the affine global sym- 
metry group. In this sense, the new gaugings constructed in this paper may be viewed 
as obtained by £9(9) rotation from the standard gaugings in four dimensions. Moreover, 
the infinite tail of higher level parameters in (17. ip still advocates the tempting possi- 
bility of discovering yet other maximally supersymmetric couplings in four dimensions 
which must however be of genuinely different nature than the present constructions. 
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Appendix 



A Some algebra 
A.l Useful E 7 relations 



We denote by (£ q )m the £7(7) generators in the fundamental representation, i.e. the 
index a runs over 1, . . . , 133 and M,N = 1, . . . , 56 . We raise and lower adjoint indices 
with the invariant metric K a p = Tr [t a tp], which is a rescaled Cartan-Killing metric. 
Fundamental indices are raised and lowered with the symplectic matrix Q MN using 
north-west south-east conventions: X M = Vt MN X N) etc. . We note the following two 
useful algebraic identities: 

(t a )M K (t a ) N L = -^5^5^ + j^5^5§ + (t a )MN (t a ) KL — ^il M N^ KL , (A.l) 

and 

{t a )KL{ta)MN = -^P-K(M^N)L + CrLMN , (A -2) 

with the quartic E 7 invariant Cklmn = (t a )( KL (t a ) MN ) . 
A.2 Breaking E 7{7) to SU(8) 

Upon breaking £7(7) to its maximal compact subgroup SU(8), the fundamental and 
the adjoint representation break according to 

56^ 28 + 28, 133^63 + 70, (A.3) 

respectively. We label the fundamental representation of SU(8) by indices i, j, . . . = 
1, . . . 8 . Then, the £7(7) generators (t a )M N break according to 

(+J) kl — _xi x k \ _ Ixi x kl — _(f.r\ki 

Jmn — u [m u n]i s i rnn ~ \ L i J "in , 

(. \ _ J_ (. \mnpq _ <:mnpq ( \ A\ 

y^ijkl )mnpq 24 t ijklmnpq j \ L ijkl) u ijkl ' V / 

and the rescaled Cartan-Killing metric K a p = Tr [t a tp] breaks into 

~~ ^ (^m^p ~ s^m^p) ' K ijkl,mnpq — J^tijklmnpq ■ (A-5) 



K 



n q 
m 1 p 



A.3 Breaking E 7{7) to E 6{6) x 50(1, 1) 

Upon breaking £7(7) to its maximal subgroup £ 6 x 5*0(1, 1), its lowest dimensional 
representations decompose according to 

56 ->• 1 +3 + 27 +1 + 27_i + 1~ 3 , 
133 ->■ 1° + 78° + 27~ 2 + 27 +2 . 
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912 ->■ 78 +3 + 78" 3 + 27 +1 + 27" 1 + 351 1 + 351 +1 
1539 ->■ 1° + 78° + 650° + 27~ 2 + 27 +4 + 27 +2 + 27"* + 351 +z + 351 
8645 ->• 2 • 78° + 650° + 2925° + 27~ 2 + 27 +2 + 351+ 2 + 351 4 + 351 2 + 351 +4 
+ 1728" 2 + 1728 +2 , (A.6) 

with the superscript indicating the SO (1, 1) charge. We use the explicit notation 

56 : X M -> (X., X m , X m , X') , 

133 : X a (X D , X a , X m , X m ) , (A.7) 

with indices m — 1, ... ,27 and a = 1, . . . , 78 labeling the fundamental and the adjoint 
representation of £6(6), respectively. The symplectic matrix Qmn and the rescaled 
Cartan-Killing metric K a p break according to 

n MN -+ (ft/ = i, n m n = si, n\ = -1, n m n = -o , (A.8) 

and 

->■ («oo = 72 , n ab = 2rj ab , n m n = 126%) . (A.9) 
The E 7 (j) generators (t a )M N decompose as 

{to)» — 3 , {t )m = 8 m , (^o) n — ~ $ n i \Po) • — 3 , 

(t ) n — -it ) n 

(tm)» = (t m ) , = 5 m , (t ) n — (t ) n = S n , 

(t m )nk = d mnk , (t m ) nh = 10 d mnk . (A.10) 

and the decomposition of the structure constants f^ 1 can be read off from the algebra 

[^o, tm\ = 2t m , [t , t ] = 2t , 

\t t ] — —t n t It t m ] = t m t n 

[t m ,t n ] = ^5lt -Q(t a ) m n t a . (A.ll) 

Here, d mn k denotes the totally symmetric tensor of £6(6), and t am n denotes the 
generators in the adjoint representation. Adjoint indices are raised and lowered with 
the rescaled Cartan-Killing metric rj ab = Tr [t a t b ] . 

A. 4 Useful Eq relations 

We denote by d mnlt and d mnk the totally symmetric tensors of in the fundamental 
27 and 27, respectively. We choose a relative normalization such that 

d mnp d mnq = S p q . (A.12) 
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In the following, we give a list of useful algebraic relations that be be shown by various 
contractions and/or by using an explicit realization of the E G ^ generators: 

dmrs d P df nu d Yq ^(mrJf"^ 5 d mnr dP q , (A. 13) 

A j¥j rl u P v rl r\ wrn —A A n ( A 1 A\ 

(t a )m k (ta)n = ^m^n + \ ^In^n ~ f d mnp d klp , (A. 15) 

(ta)r P (h)s q d mrS d npg = -± Vab 5™ + l(t {a t b) ) n m , (A.16) 
{tatb)r q d d nqs = ^Q^lab^n ~ \(fatb)n +^j(^6^-a)n 1 (A- 17) 

d pqr d p{kl d m)qs = ±d klm 5 s r + ±d s{kl 5™ ] . (A.18) 

These play a key role in reducing the the E 7 ^ system of constraints (I2.19p - p.2ip for 
the embedding tensor to the system fl2.29p - fl2.32p for its £?6(6) components. 



B Solution of the quadratic constraints 

Our strategy for solving the quadratic constraints for the embedding tensor follows 
the analysis of (22] for the pure trombone gaugings. We make use of the fact that 
under breaking to -£^(6) the tensor $m contains a singlet which (if invertible) allows 
to explicitly solve all the quadratic equations. Decomposing under Eq^ according to 
( 1A.6p . we label the components i?m and 9m" of the embedding tensor according to 



$m -> {&., & m , $ m , ■ (B.l) 



and 



o i% in 

1 C 3 xa n c j_ o/a qj tpr 1,3 tV \ t 

/__\ a I C, rn. ~2 1 m Q,n i ol p u>rqmQ, ■^""■mnps \ <*,mn 

" -|? m |t a n m €™ - 30t a p 1d r P m t qr ~t an m S, a _ 

o " it o 




(B.2) 



respectively, in terms of various i?6(6) tensors. The relative coefficients among the 
various terms within 0m q are determined by the fact that 6m q is constrained to live 
in the 912 representation of £7(7), i.e. satisfies the relations (12. 8p . 

B.l Determining the components of the embedding tensor 

To solve the quadratic constraints in a systematic way, we start from the equation with 
the highest SO(l, 1) grading. From ( 1A.6|) is follows that this is a 27 +4 representation 
inside 1539, which thus corresponds to evaluating equations (I2.20p for MN = m9 . 
Explicitly, this leads to 

EE U$.+tam n a#n- (B.3) 
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Without loss of generality we may assume to be non-vanishing (which can always be 
achieved by change of basis in case $m is not identically zero) and from (1B.3|) express 
£ m (one of the 27 +1 components of the embedding tensor) in terms of the unconstrained 
parameters £+) transforming in the 1 +3 + 27 +1 + 78 +3 . For convenience, we 

parametrize the latter as 

#. = «, ^ m = K\ m} ^ = E a , (B.4) 

and solve equation (1B.3|) as 

£,m " tarn = &5^m • 0^"^) 

By similar computations, the remaining parts of the embedding tensor can be deter- 
mined from other components of the constraint equations. Evaluating equation (I2.2ip 
for a (3 = mn (the 35 1 +4 equation) yields 

= tf m £rnn_ 3E a t J m £n]k_ 10 £a +tap[m ^] Pq ^ + IQ j (Rg) 

which upon plugging in (1B.5|) reduces to 



O2/3 -r n = 10E a t^d^O^-Xt, (B.7) 

where we have defined the operator 

O2/3 = 5s -Ik. (B.8) 

As the same operator appears on both sides of equation (IB. 71) . the general solution for 
the component £ mn can be given in polynomial form as 

C n = 10E a t ak lm d n]kl \i + ( mn , (B.9) 

where ( mn denotes a (real) zero mode of the operator 02/3- It corresponds to an 
eigenvector of the action of the £6(6) generator defined by E a with the particular real 
eigenvalue |k. In particular, such zero-modes only exist for non-compact choice of H a 
and some very particular values of k . 

— _j_2 

Going down the grading, the next constraint equations live in the 27 , of which 
there are four different ones. The relevant ones are obtained from (12.191) for a = m and 
from (12.201) for MN = m ., respectively, leading to 

£ m tf. -E a t an m $ n = i mn d n - lhd mp H P i q . (B.10) 

Using the explicit form of ( IB. 51) . ( IB. 91) . these two equations determine the components 
£ m and d 171 in terms of the free parameters according to 

# m = 5Kd mM \ k \ l + K( m , 

r = 5H a t an m d nfc, A fc A, + C mn A rl -|KC m , (B.H) 
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up to the constant vector ( m which is a zero mode of the operator O4/3 = 5= — |k. 
Again, such zero modes exist only for very particular values of k . Next, we evaluate 
the constraint f |2.20j) for MN = mn (the equation transforming in the 351 +2 ) to obtain 

— 2^l m ^ n ] 5 d m kpdP ^dqi n ^ l9 r -|- t a [m ^n]pfc " ^ £mn^» j (B-12) 

which uniquely determines the 351 1 component £ mn of the embedding tensor. Ex- 
plicitly, after some computation and using the relations obtained above, we find 

^mn 2 iil t a [ m A n ]Afc 5^ t alrn^ d n ^pqd^ AfcA/ 

X p ■ (B.13) 

The singlet equation 1° from evaluating (12 . 1 9[) for a = o yields 

IW = KC^-U^-l^m, (B.14) 

which allows to express the singlet l -3 component in terms of the other fields 

= _| K ^- Afc AA m -«:C m A m . (B.15) 
Evaluating ( 12 .191) for a = a finally yields 

o = lt a m n (c^n-^ m )-My(d rqn e r r + iodr^M 

+ - 2°0' + m a m n $ m $n ■ (B. 16) 

which yields the 78~ 3 component £° 

C a — Qn cb /j. j«\ m mkl \ \ \ 5 jklm \ \ \ 
C,- — dv$ + (tbt ) n a A m AkAi — 3 ,_, a A m AfcA; 

+ ~ a \ k ( k - 6H 6 (*%) AC* - 8Kt a k l \i( k 

- Qt-JXM^ + 15iV^ p ^AC mn • (B.17) 

We have thus determined all the components of the embedding tensor (IB.lj) . flB.21) in 
terms of the parameters k, A m , S", ( m , ( mn , of which the latter two are particular 
eigenvectors under the #6(6) action of S . In the following, we need to check that this 
solution indeed satisfies all the constraint equations (12. 19j) ( f2.2 1}) . In particular, the 
remaining constraint equations may impose further restriction on these tensors. E.g. 
evaluating equation 12. 19[) for a = m implies that 

dmki( k ( l = 0, (B.18) 

i.e. ( k is not only zero mode of C 4 / 3 but also satifies a 'pure-spinor type' condition of 
#6(6) • 111 the following, we evaluate all the remaining constraint equations. 
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B.2 Evaluating the remaining equations 

We can now check all the remaining equations upon using the solution obtained above. 
To this end, let us first calculate the invariant I 4,(19) from (12. 33ft quartic in the trombone 
parameters "&m f° r the explicit solution 0B.4p . (IB. lip . (IB. 15[) . As a result, we obtain 

h(0) = l^d mnp CC( p , (B.19) 

i.e. the quartic invariant does not depend on the parameters X m . This shows that 
all A m can be set to zero by an £7(7) transformation and therefore do not induce 
inequivalent gaugings. For simplicity, we will thus in the following set A m = . The 
solution found in the previous section then reduces to the solution (I2.27P given in the 
main text. In this section we will evaluate all remaining constraint equations for this 
solution. The calculation is rather tedious and has been performed using mathematica 
and cadabra [4"T| |4*2] . As a result, we find that all remaining constraint equations of the 
system (I2.19p - (l2.2ip are satisfied provided, the parameters ( k , ( mn obey the following 
set of identities 

( k ( l d mk i = 0, (B.20) 
( k C n d kml = 0, (B.21) 
( lk C nn] = 0, (B.22) 
(t a -(~ + lKl)-(~-lKl)) n m ( n = -l( mk ( ln d klp (t a ) n p , (B.23) 

with the matrix S given by S m n = E a (t a ) m n and '•' denoting the matrix product. 
The third equation comes from the constraint (12.211) evaluated for [af3] = [ab]; the 
fourth equation comes from the same constraint evaluated for [a(3] = am . We have 
explicitly verified that all other constraints are satisfied as a consequence of the ansatz 
and the relations (1B.23P - In particular, the constraint obtained from (I2.2ip evaluated 



for [a /3] = a m follows after some computation from the fourth equation of (IB.23I) and 
the other constraints. 

The fourth equation of (1B.23P is linear in ( n . In particular, contracting this equation 



with (t a ) m q implies 

(32K 2 -~ a ~ a )C = f C kl C s d krp di sq d^ m , (B.24) 



i.e. for S a S a 7^ 32 k 2 , we can express ( m as a bilinear in ( hl . Note that this is consistent 



as the r.h.s. of ( 1B.24|) is indeed eigenvector of H associated to an eigenvalue which is 



twice the one of ( kl . Still, plugging this expression for £ m into the four equations (IB.23I) 
will lead to a set of nontrivial constraints polynomial in ( mn . 

As illustrated in section 12. 5[ the "E 6 ( 6 )-pure spinor" constraint (IB.20P on ( m singles 
out an 0(1, 1) x SO(5, 5) subgroup of E 6 ( 6 ) in which SO(5, 5) is part of the little group 
of its solution. In particular ( m coincides with the singlet 1~ 4 in the branching ( 12. 3 7ft 
of the 27 relative to this 0(1, 1) x SO(5, 5), and S should have the form in Eq. (I2.39p . 
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Let us first consider the simple case in which So is a semisimple element of so (5, 5) and 
thus can be considered as an element of its Cartan subalgebra. Let us also consider the 
case in which the two sides of Eq. (I2.32p are separately zero. The constraint (IB.23j) 



is then satisfied if S commutes with an so (4, 4) subalgebra of so (5, 5) and if its norm 
is Tr(S • S ) = 24 k 2 . The last requirement is easily understood by observing that S 
and Si are mutually orthogonal and that Tr(Si • Si) = 8 k 2 , since f ]B.23j) implies that 
Tr(S • S) = 32 k, 2 . This fixes the normalization of S . We can branch the relevant E 6 ( 6 ) 
representations with respect to its SO(l, l) 2 x SO(4, 4) subgroup, where the SO(l, l) 2 
factor is generated by Si + S . The 27 then branches as follows: 

78 -> (28 + 1 + 1)(°'°> + Si 1 - 1 ) + S^ 1 ) + St" 1 ' 1 ) + S^- 1 '- 1 ) + 8[ ' 2 ) + Si '" 2 ) , 

where the gradings are the eigenvalues of Si//c, Ho//c. The "pure spinor" ( m corre- 
sponds to the 1^3'°) representation. Consider now the vector £ ■ t a = {C, m t a m n ). The 
constraint (IB.23j) reads: 



5 3 + -k] [5 s --K)C-t a = 0. (B.25) 



3 J \ - 3 
Let us analyze the relevant cases: 

• If t a G so(5, 5) + so(l, 1), C • t a is still in the l^t' ) and is thus annihilated by 



5 S — | k; 

• If t a G 8i 1,_1) + 8i 1,:l) , C ■ t a = and the constraint is satisfied; 

• If t a G 8i- 1,1} + S^ 1 '- 1 ), C • t a G 8^' 1} + 8^' _1) . The component in 8^' 1} is a 
zero-mode of <5~ — 3 n, while the second component is a zero mode of 8u + | k 
and the constraint is still satisfied; 

Consider now the case in which S has a nilpotent component S n in I67 3 , so that S 
has a semisimple and a nilpotent component S = S ss + S n . The constraint (1B.23j) is 
still satisfied provided the following condition holds: [S ss ,S n ] = 2«S n . 



C Gauge group generators in Eq components 

Here, we give the gauge group generators (Xm)n K for the general solution ( 12. 27ft of 
the quadratic constraints as obtained from ( I2.12p . (IB.ip . (IB. 2|) . and (I2.27p . They are 
parametrized by k, S a , ( m , and ( mn , which are subject to the identities ( 1B.23|) . 
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where 

yk n r,^ [fc/n] _ 4 ^fcrn _ 2 >nrfc . 20 /-p j jgfcn _ r,^ by jr-pn 

^ v m 'm S 3 ' m 3 S u m ' 3 S Uj pqrn Lb i, u, m q r u, , 

X fcm n = 2Sj m C fc] + |«5|fC ml - f < p d pqn d qkm + 10E p k C q d mr d rpm . 
Via (I2.22p these generators also encode the structure constants of the gauge algebra. 



D T-identities 

Upon dressing the quadratic constraints f)2.19l) - fl2.21l) with the scalar vielbein and using 
the definitions f !3.6p . ( 13. 7p . one obtains a large number of SU(8) identities bilinear in 
the tensors A and B. Here we collect those identities that are important for the 
calculations in the main text. Working out all quadratic constraints that transform in 
the 63 of SU(8), we find the following relations 

1539: = 6A ik B jk - 6B ik A jk + A/ mn B mn - A l jmn B mn , (D.l) 
133 : = 2A ik B jk + 2B ik A jk - A/ mn B mn - A l jmn B mn + §B ik B jk - \5) trace , 
1 11 ■ D -\0 A ik A — A i , A mnk 4- 1 A k Amni 



+ 12(2A lk B jk + 2B tk A jk -A/ mn B mn -A* jmn B mn ) - § 5} trace 



8645: = -240A tk A jk + \\X mnk A 3 mnk + 2lA k mnj A k mni 

- 12 (lOA ik B jk + 10B ik A jk + A/ mn B mn + A i jmn B mn ) - i<jj trace, 

descending from the various irreducible £7(7) contributions of fl2.19p - fl2.2ip as indicated. 
The £7(7) origin of these constraints can also be confirmed by calculating the action of 
the quadratic Casimir operator upon using the £7(7) transformation properties 

5A ij = lA^ klm ^ klm , 

X A 3 kl 9 A ■ y m J kl _|_ oymn[jk Al] 1 ymnp[j efc aI] 

SB ij = -E ijkl B kl , (D.2) 
with E» kl satisfying E ijkl = ± e ^ klm ^E mnpq . 
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Similarly, we can deduce we can deduce two constraints in the 70 of SU(8): 

133 : = A m ij k iB n ] m + AB^kBin] — ^€j k i nmqrs (A p mqr B sp + 4B mg B rs ) 

133 : = 4A m [j k iA n ] m — 3A m p [j k A p i n ] m + lQA m [ jk iB n ] m 

- ±e jklnmpgr (AA s mpq A rs - 3A t ump AJ rt + lQA u m ™B ru ) , (D.3) 

and two constraints in the 378 of SU(8): 

1539 : = 4:Aj[ k Bi n ] + A m j[ k [B n ] m + A m k i n Bj m 

1_ A mpqjjrs , 1 a qrs jymp 

Q^rsmpqukl-^-j -— 1 ~r -^g^mjqrsnkl-^-p — ' j 

8645 : = — 18A m nfci A J?n — 5AA m j[ H A n ] m + 60A,-[j..Bj n ] — 9A m jpM-B n ] m — 9A m k i n Bj m 

_i_ p ,,A urs (A mpq — 1 A m RP«"\ _ 3 4 rst/ /i mwp _ 2rmrjup\ 

~ tmpqrsnkisij V « 3 u m / ^jnklpmrs^u V * 9 t / • 

(D.4) 

If the components 8^", i?-f are chosen such as to satisfy the quadratic constraints 
( I2.19p ~ p.2ip . the relations ( ID.lj) (1D.4|) among the scalar tensors A, B, follow as an 



immediate consequence. For B - = 0, all these identities consistently reduce to the 
quadratic identities given in (9J [15] . 
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